Let D be an arc-3-cyclic, semicomplete digraph and uv be an arc of D contained in a cycle of length r.
Introduction
A digraph D is a tournament if for each pair of vertices there is precisely one arc between them. A digraph D is called semicomplete if for each pair of vertices there is at least one arc between them. Obviously, the semicomplete digraph is a generalization of the tournament. For years, tournaments have been studied and many results on cycles in tounaments have been published. [1, [7] [8] [9] [10] [11] [12] [13] [14] [16] [17] [18] . A great number of the theorems proved for tournaments also hold for semicomplete digraphs.
One of the early results dealing with cycles in tournaments was given by Moon [ 11 ] and addresses the idea of finding cycles of every length containing each vertex of a tournament. Theorem 1 (Moon [11] ). Every strongly connected tournament is vertex-pancyclic.
The arc-pancyclic property proved to be much more complicated than the property of vertex-pancyclic. The pioneer result in this area was obtained by Alspach in 1967.
Theorem 2 (Alspach [1] ). Every regular tournament is arc-pancyclic.
Note, a regular tournament is one in which all the vertices have the same out-degree. The out-degree of a vertex v is the number of arcs of the form vu in the tournament.
After this paper, many articles on this topic were published. In 1982, a necessary and sufficient condition for arc-pancyclicity in tournaments was obtained
Theorem 3 (Wu et al. [18]). A tournament D is arc-pancyclic if and only if D is arc-Hamilton-cyclic and arc-3-cyclic.
The arc-3-cyclic condition is rather weak since almost all tournaments are arc-3-cyclic [14] and it can be determined whether a tournament is arc-3-cyclic in at most O(n 3 ) operations. It was recently proved by Bang-Jensen et al. [6] that the determination of arc-Hamilton-cyclic property for tournaments is also a polynomial problem. The proof given in [ 18] actually implies the following result stronger than that of Theorem 3 (also see [17] for an alternative and simpler proof).
Theorem 4 (Wu et al. [18]). Let D be arc-3-cyclic tournament and e be an arc of D. If the arc e is contained in a cycle of length r, then e is contained in cycles of length k : 3 <~ k <~ r.
Later, the problem of arc-pancyclic for tournaments was completely solved by Tian et al. [16] . They showed that except for two families of arc-3-cyclic tournaments, every arc-3-cyclic tournament is arc pancyclic. Bang-Jensen [4] constructed an arc-3-cyclic digraph (see Fig. 1 )2 that was not arc-pancyclic and not in the family of counter examples given by [16] . However, his example was not a tournament but a semicomplete digraph. Thus, the theorem in [16] does not hold for semicomplete digraphs.
In this paper we generalize the results in [18] to semicomplete digraphs and show that under certain conditions arc-3-cyclic semicomplete digraphs are arc-pancyclic. Theorem 6 states that if an arc e, of an arc-3-cyclic semicomplete digraph, is in an r-cycle (r~>3) and not in a 2-cycle, then e is contained in a cycle of each possible length i, 3 ~< i ~< r. Theorem 7 adds a degree condition for the end vertices of e and this is enough to insure that if e is in an r-cycle (r ~> 6) then e is in a cycle of each length i, 6 ~< i ~<r. As a corollary of Theorem 7, we have that if D is arc-Hamiltonian-cyclic, arc-k-cyclic for each k=3,4,5 and each vertex has in-and out-degree at least 3, then D is arc-pancyclic. A directed path will be denoted P = vlv2.-, yr. A forwarding arc, of a path P, is an arc from vi to vi+t on the path, for t>~2. The pace of a forwarding arc vivi+t is the number of arcs on the path bypassed by the forwarding arc. Crossing arcs are a pair of forwarding arcs on a path P, vivi+ t and t,jVj+s, such that O~<i < j < i+t < j+s<~r.
Theorems
The following results are presented in this paper. 
Theorem 6 (A generalization of WZZ's Theorem [18]). Let D be an arc-3-cyclic semicomplete digraph and an arc a = uv E A(D). If the arc a = uv is contained in a cycle of length r and vu q{ A(D), then a is contained in cycles of lengths h : 3 <~h<~r.

Theorem 7. Let D be an arc-3-cyclic semicomplete digraph and an arc a = uv E A(D). If the arc a = uv is contained in a cycle of length r and the in-degree of u and the out-degree of v are at least three, then a is contained in cycles of lengths h : 6<~h<<,r.
Proof of Theorem 5
Theorem 5 is the most important result since it is widely used in the proofs of the other theorems.
The following well-known lemma of Thomassen has been used in many papers about tournaments (for instance, see [5, 16, 17] ). It can be generalized to semicomplete digraphs and will be applied in the proofs of the main theorems of this paper. The following is a generalized version of the Thomassen's Hamilton Path Lemma (with the same proof given in [15] ). [5] . (A digraph is path mergable if whenever we have two internally disjoint (x, y)-paths P and Q, we can find a new (x,y)-path R, containing exactly the vertices of P and Q.) Digraphs with this property have been studied by Bang-Jensen. [] (ii) t)m_l/)m+3, Uml)m+ 4 (one crossing), (iii) VmUm+ 4 (no crossing).
Lenlma 1 (Thomassen [15]). Let D be a semicomplete digraph and x and y be two distinct vertices of D. lf D has an (x, y)-acyclic subgraph of order p, then D contains a path from x to y of length p -1.
Lemma 1 is a consequence of what is called the path merging property in
Lemma 4. If VaVb EA(D) and 1 <<. a < b <<. r, b -a >>. 3, then VcVa f[A(D), with d -c >>. 3, for b<~c < d<<.r or 1 <<.c < d<~a.
Proof. Suppose
Remark 2. Note case (ii) can always be converted to (i): Since P' = vl "'Vm-ll)m+3
1)m+ll)m+2Vm13m+ 4 "''V r is also a path of length r-1. Either l)m+3V m E A(D) or VmVm+3 E A(D)
. Then one of P or pI has a minimal forwarding arc of pace of three. So we only need to consider case (i) and (iii), that is, the path P has only one minimal forwarding arc with pace three or four. Case (ii) is therefore ignored and path P may have a crossing pair only in case (i). 
Since VlV5 E A(D), by Theorem 5 again, v6v3 E A(D). Let x = mid(v6v3). Here x ¢ Vl since v~v6 f[ A(D).
It is also obvious that x ¢ W for otherwise VlV2V3xv6vl is a cycle of length r -1. To avoid forwarding arcs of pace two, x ~ vs, v4 since v3x, xv6 ~ A(D). Thus, the only remaining case is that x = v2. That is, v3v2,vzv6 C A(D). Again, we obtain a cycle of length r -1: vlvsv3v2v6vl. This contradicts the assumption of non-existence of such cycle and completes the proof of the theorem.
Proof of Theorem 7
Let vl...v~vl (r~>7) be a cycle of D of length r containing an arc VrVl. We assume that the are v~vl is not contained in a cycle of length r -1. By Theorem 6, we only need to consider the case where both viva, v~v~ E A(D). Here we note that D contains no forwarding arcs of pace two, since such an arc would produce an obvious (r-1)-
We claim that either Let h denote the minimum pace of a forwarding arc. (ii) Let z = mid(wvm+l). We claim that z = Vm. This semicomplete digraph is arc-3-cyclic and has a 6-cycle containing v6vl but no 5-cycle containing that arc (see Fig. 2 ).
